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Introduction.

his book "Eine neue Methode in der Analysis und dezen Anwendungen
 P. Turdn proved the following Theorems:

(satz VII)
; b1, ...,bn;z1, ceesZ be complex numbers and m > -1 an integer.

:n there exists an integer v with

m+1<v<m+n,

th that n
ADR LI bz | 2| ——— } o, *+ oev + 1 [, min
2e(m+n) J=1,e0e,n
(Satz IX)

DBy eeesZ be complex numbers with |z1| > |z2| > eee zjznl,
Lm,””%amRMWCMMuanm;meLmi—h
n there exists an integer v with

m#*1<v<m¢+n,

h that n
2). |b1z‘1’"+ cen #b27| > ———1-21————-—] . min o, + oo + ..
2he“(m+2n)) j=1,...,n *~ J
\Y
. max | Zjl .
J=14ece

n
1958 I. Dancs [2] proved that the factor ———EL—-J in (1.1)
( 2e(m+n)

n-1
be replaced by ;—e [—n——} . In 1959 E. Makai [3] and in 1960
2e(m+n

. de Bruijn [{] found independently the best possible value for tt

stant, viz.

n-1 . . -1
m+
;o) (M .
j=0 J
applications, this best possible value is not very handy and in

ctice, Turén's or Dancs' result will do very well.
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n

a first improvement of the factor in (1.2) by

2he2(m+2n)J
8s and P. Turdn [5], in 1964 I. Dancs [6] proved the following

lization of theorem II:
Let z1,
nd 0=|1-z1

-++,2 Dbe complex numbers with |Zi| <1 (i=1,2, «.., n)

. Let m be a non-negative

i |1—22| _<_ °© 00 _<_|1""Zn
nteger; let Bj be polynomials with complex coefficients and of

egree kj with kj < m+2 (j=1, ..., n) and let k=k + ... + k +n.

1
hen there exists an integer v with
m+ 1 <v< m+k,

hat
ke 1 k-1

Y .
;e #B (V)z | > 5 (gatmr)) spn |B,(0)+ ... +Bj(0)|.

s report the following generalization of I and refinement of
will be proved:

m 1 Let Zys sees Zp be complex numbers # 0 and m an integer,

. Let Bj be polynomials with complex coefficients and of degree

s eee,n). Let k=k + ... +k +n. Then there exists an integer v

1

1+ 1 < v <m+ Kk,

‘hat k1 _
2Y 4 ooo + B (v)z"| slem=)  .|B.(0) + ... + B (0)]..min 2. ]V,
1 °e n nl = 2e(mtk) 1 n .. ,nl?;

m 2 Let z,, ..., 2 Dbe complex numbers # 0 with |Zi| <1 (i=1,...,n)

1’

=|1-z1| §_|1—z2| < eee < IT-zn

. Let m, Bj and k be as in theorem 1.
;here exists an integer v with

1+ 1 <v<m+k,

;hat ke 1

LML +Bn(v)zZ| i'% bgé%%%zy) j=1T%?.,n |B1(O)+ cee * Bj(o)L
0of of these theorems is based on a combination of ideas of I. Dancs

.G. de Bruijn, see Bﬂ resp. Dﬂ.




Proof of theorem 1.

- following well-known lemma will be essential in the proof of botk
orems 1 and 2,

ma 2.1 (Schwarz-Stieltjes).

g € R[t] and h#o0.

. ~1

ine Ag(t) = g(t+h) - g(t) and aVg(t) = (A" 'g(t)); u= 2,3, ....

n if h > 0 there exists 6: a < 8 < a+hy or if h < 0 there exists
6: atph < 6 < g
h that
(aMg(e)), . =1 gM(e) , um1,2,3, ...

of of theorem 1.

may assume without loss of generality that min |z.|=1.
J=150004n

sider the points z1,z1(1+e), ...,z1(1+k1s),z2, ...,zn,zn(1+€), cos
1+kne), where ¢ > 0 and Zys ee52 are ordered in such a way that

.They form a set of points {gj}ji1°

[z, < |z, < oi <]z

er this set such that 1 = |£1| j_lgzl < eee < E

1 k
ine uj = - ET P j=1’ a.-,k’

J

k k .
1) f(z) = I (14zu.) = T (]T).

j=1 j=1 73

function f has no zeros in the domain |z| < 1, so we can write

(1) 14

. a: "z ’ |z| < 1.

I
o~ 8

i

(R
~
jng
—

N
~
I

m .
= (=) {1-£(2) ] a§1) z'}.
i=o *




o

llows from (2.1) and from the definition of the cients

that we can write (2.2) as

m+k
hm(z) = a(f) z”.
v=m+1

er we have hm(ij) (_1)m—1 for j=1, ...,k and

. m-1 .
hm(zj(1+ujs)) = (-1)" ', j=1, EERLE "’kj'
apply lemma 2.1 to hm(zjt) with h=e,a=1, then w in:
11 j,u. (p.#0) there exists 6. with 1< 6, < such
de (HJ# Ju . Ju .
J J
peows o (W) M.
z. % 9n 9 (. z.)= (09 n(tz.)), . =
J m Jus J m T t=1
uj uj
=nh (z.(1+n.€)) - h (z.(1+(n.=-1)e)) + -1) “h (z.
(25 (1hse)) = (90 (2, (14(u=1)e)) (-1) 1, (2,)
for j=1, .. =1, ""kj’

itution of (2.4) gives:
h (6. =z.) =0, j=1, .. =1, ...,kj.

e sequel we follow the usual convention that

(v ) =0 if v < u..
UJ' J

(2,3) and (2.5) it follows that

m+k
(2) (\) ) Z\') e: v = 0, j=1’ o =1, .oo’k-o
v H J JH ] J
v=m-+1 J J J
: define
mt+k
5. (e) = ) a(g) )z o1},
Ju. f voue T3 g
J v=m+1 J N




For 6. (e) we hav
us

|§. (e)] < 2
JUj

We use the abbrevi

6(8) =5 m+k
Hence
§(g) — 0

Write Bj in the fo

(2.79 Bj(t) =

Multiplying (2.6)

kj m+k

!

1 v=mt+1

Il o>

u

From this and (2.7

v=m+1

Summing over Jj=1,

n
Sy = A
J=

m+k
) 3 a(i)
v=m+1

B.(v
1 J

#6, () w0, §=1, Ln .

Jd
estimation
m+k !
v=mt1

E L (14xe )R],

_'%00

t .
("), J=1, eeeyn,

J k.
J
v v
) z. b + Z, 8 (e)b. =
UJ J JUj wi=1 JUJ JUJ
J
ollows that
J
a(i)z: + G'U (e)b.u =0,
womp dwy
and substituting
ives
k
m+k n J
Z B.(0) a(i)zY + Z' Z =0,
v+l 9 J o 3=10pe=1

d
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tuting (2.3) and (2.4) we obtain

k
n m+k n J
D om0 (-0™' = T s e T e (ed
=1 9 v=m+1 Jj=1 M= J W
ore we have
k
n m+k n J m+k
2
Dpols I slla®l+ 1 s, | 1 12
=1 9 v=m+1 j=1 uj= M3 v=m+
n kj m+k
A omax Islese) D b b T 2@
m+13v<mt+k J=1 uj=1 J J v=m+1
s, ! BIERC]
max S| > — o B.(0)| + o(e).
m+1<v<m+k v Zmik |a(2)| =1 J
v=m+1 v
m+k (2)\)
.call that we had defined h (z) = ) z from
Kk n v=m-+1
I (14zu.). Remark that a(g) = a(2)(€ E)
3=1 3’° v v o7ttt PRyt
his definition it follows that the determination of an upper
: m+k
for ) [a(€)| can be done in the same way as in Dﬂ. (Note that
v=mt1

le Bruijn only uses the given number of points and that these
; have absolute value > 1).

we obtain

substitute (2.9) in (2.8) and let € => 0, then we obtain the

1ent of the theorem.




Preliminary lemmas.

fore giving the proog of theorem 2 we need several lemmas.

ma 3.1 For fe R[x], f monic and of degree n, the following
atement is true:

g B
max |£(x)| > 2(—?‘) .

a<x<hb

>of: The statement follows immediately from [B], VI §7, Aufgabe 62.

ma 3.2 Let 8§ be a positive real number.

n n
; f(z) = L (z—zj) and ¢(x) = 1 (x—|1—zj|) with ZysZps eees Z,
J=1 J=1
ren complex numbers.
P T be defined by
- max.- lo(x)| = |¢(r0)| » T minimal, r, > O.
0<x<§6
:n we have for z on the circle |1-z| =t that

0
s.n

2(2)] = 2(p) .

of': |£(z)| > [6(]1-2])

. Apply lemma 3.1 to ¢(x) with a=0 and b=§.

'Ollg;z 3.2 I‘o # I1"Zjl, ,j=1, 00y N,

the following we suppose that the numbers z1,z2, cees Z) satisfy

| < 1 (i=1, ...,n) and that O = |1-—z1| < |1—22| < eees |1-zn

thermore, every empty product that may occur in the sequel has to be

aas 1.

ma 3.3 Let § be a real number, 0 < § < 1, Let r. be defined by lemma

0
and let the natural number 1 be chosen such that

°

O=|1-—z1| < lr-zy| <t _<_|1-zl| frg < -z < es |1-2
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Let 0 < u <1 and let j1,j2, ...,ju be u distinet numbers chosen from

{1,2, ...,l}. Then we have for 1—z|=r

0

l n
L) (z-zy)
| =141 Ii

R =
—~
N
1
N
N
|v
N
—~
=
S

¢(x)

it (x—|1—zj 1)
Iy k

Proof: Define P(x) = , Where jk runs through

the sequence {1,2, ...,l}\ {ji} M . Hence |1-z. | < ry <1,
i=1 Ik

for all jk from this sequence.

Using lemma 3.2 we have for |1—z| = r0

n u s.n
I (z=z) T (=25 )| 2 [PGrg)] > Jolrg)] 2 2(5) .

J=1+1 I i=1 i

Lemma 3.4 TLet the function g be holomorphie inside and on the closed

Jordancurve L and let Zys%ns seesZy be given points inside L. Then

g(z) = ep * e1(z-z1) + .. + el_1(z-z1) cee (Z-Zl—T) +
+ (z—z1) cee (z—zl)gl_1(z)
for 1=1,2, ...,n,
with
1 Z
e, = T sF g(z) dz , M = 0,1, veu, 1-1,
]_J (2"21)010(Z—Zu+1)
and
g,_q(2) = — 49, g(t) dt.
L (t—z)(t-z1)...(t—zl)

Let P be a polynomial of degree not exceeding 1-1, with P(zi)=g(zi),
i=1,2, +..,1. Then

P(z) = eg + e1(z—z1) + ...+ el_1(z—z1) cen (z—zl_1).
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oof: The proof is straightforward; see [9], Ch I §7.

ma 3.5 (A. Markov).
tQe B[}J and of degree k. Let further

la(x)| <1 for 0 < x < 6, where § is a positive number.

2
Q" (x)] j;gk~ , for 0 < x < 8,

§
>of . The statement follows immediately by applying |8|, VI, Aufgabe
to the polynomial P(y), defined by
§
P(y) = (3 (y+1)).

ma 3.6 Let ZysZps eeesZ € € and let § be a real number with
t8 < 1,

‘ine v by n 1+k.
y(x) = 1T (x - |1—zj|) J | where the kj's are non-negative
J=1
.egers.
‘ther, let r, be defined by
ly(r0)|= - max lvy(x)], r, minimal, r, > 0.
0<xx<$§

m the following statement is true.

$
|z,—z | < then
i) 2k2 ’

|1—zi| <r

0 = |1—zj| <r

0.

of. Let k=n+k1+ ces +kn be the degree of Y.

lying lemma 3.5 with Q = %-, where M=|y(r0)[, gives
2Mk2

1) v < &

for 0 < x < 6.
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0
o
7e obtain that if X, is a zero of y with O < %, < §, then
X
v(ry) = - J y'(u)du.
Yo
:f)
S
dence M = |Y(r0)| j_lxo—rol max [y (u)] < == X~Tql e
0<x<$§ 8
.. 8
from this 1t follows that |xo—rol > 5 and we may conclude
zannot have a zero in the interval ek
8 §
(rg—s 5 1y + =) 0,5].
2k 2k
Let Z and zj be such that
§
(3.2) |z.m2.| < =,
1] 2k2
= - < = - >
and suppose that X: |1 zi|< ry and that xj |1 Zjl 2Ty
. 8
First suppose that ry < /e,
From corollary 2.3 it follows that xj # Ty
e . . .. S
3ince x. is a zero of Y it cannot lie in (r.,r. + =%) ,
J 0°"0 OPQ
[ <%
$
hence x. > r, + —= . But then we would have
J—"0 2k2
§ . . . .
lz.—z.| > |x.-x.| > , in contradiction with (3.2).
i7" — "1 73" — 2k2

Similarly we are led to a contradiction in the case that ry .

This proves lemma 3.6.
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mma, 3.7 Let 5,z1, cees zn,k,y,rO,M be defined a

t € be a positive real number.

t k.
n J
¥(x) = T I (x - |[1=(1-p.€) z.|),
j=1 u.=0 J J
J
and let
Ejﬁjf=%(1-uje)zj, j=1,2, ...,n;uj=0,1, .

§ . . . .
le. - &, | < —= and if € is sufficiently
Juj JV. th

[1 - €ju_| < T ¢=%ﬂ1—€jv.l < rye

J dJ
>of .The functions ¥ and ¢¥' are continuous functi
Elg;mo ¥(x) = yv(x), uniformly in x on [0,6].
€l_i>mO P'(x) = y'(x), uniformly in x on [b,é].

18 for all n > 0 there exists ¢

: 61(6,n) such 1

[o(x)=v(x)| < Mn fore<e., x e [0,6]

1’
01 (%)-y'(x)] < Mn for e < e, x € [0,8].

»

» Xy be a zero of ¥ with 0 < Xg < 6.
the one hand we have

3) |¢(r0)| _>_M(1—T])3

the other hand %

W) = blrg) + | vt
r
0

. hence

) |w(ro)l < |x

-r.|. max |y'(u)| <
070, <ux<s -

2
2Mk
< max {Iy'(u)|+Mn}'i |x -r | {<=
0 <m< s 0ol 175
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+ n sufficiently small; then from

> (1-2n) >

~r_| .
00 2k? bx°

for € < €, the function ¥ has no

1

$ $
r-=—,r +-2)0n[0,6].
O ? 0 P
< €,; suppose that |£ju. - Ejv.'
J J
.. = |1—£. { <r and X, =
. . 0 V.
JUJ JUJ J ]

| the same way as in the previous

'd to a contradiction.

3.8

Let r be defined by
P(r)| = max
0<x<§

‘here exists a real number €., > 0

2

.on Yy has no zeros between r and r

Let 6,z1, cooy zn,k,y,rO,M,

(3.3) and (3.4) it follows that

zeros in the interval

< 62 s, but that
Lk
|1-gjv | > r,.

lemma by this supposition we

Y be defined as in the previous

|¢(X)|, r minimal, r > O.

such that for all € < 22 the

On

P

; recall the definitions of y and
n 1+k.
(x) = T (x=|1-2.])
3=1 J
k.
n J
(x) = 0 II (x-’1-(1—u.€)z.]).
=1 u.=0 J J

the function y also depends on €, we write it-as ws(x).

= ly(ro)] and M*(e) = |w€(r)

xps(x) —>y(x) for € — 0 uniformly in x for xe[O,Gj, it follows

fe(s) — M for e=—> 0.

;he definition of r we see that r=r(e); further it follows from the

.tions of vy and ¥ that
olx) = v(x).

bo(r(0)) = v(x(0)).
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P
the other hand from M (e¢) —» M for ¢ —> 0 we see

Iwo(r(0)5| =M= IY(rO)

us since r and ry both are taken minimal and positive

other words El})mO r(e)=r0.

is yields: there exists a real positive number €, such

x, < r(e) < X 41 for € < e,,

om which the statement follows.

Prdof of theorem 2.

Fine Eju = (1-uje)zj, J=1, eaey n;uj=0,1, ""kj

J
o k.
.on J
f(z) I I (z=(1-p.e)z.),
j=1 u.=0 J J
k,
n ,J
V) = B0 (x=]1-g D),
J=1 uy=0 3
d
n 1+k
g(z) = I (z-2z,) 9,
J=1
n 1+k.
Y(x) = 1 (x-|1-2.]) 9.
j=1 !

; § be any real number, with 0 < § < 1,

ine r, by
M= Iy(ro)l = max ly(x)]|, r, minimal, r, 2 0.
0<x<$§
» 1 be the natural number defined by
1—z1| §_|1-z2| S e §_|1-zl| < ry < |1-zl+1| S eee S

€45, be defined by the lemmas 3.7 and 3.8.
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wose € < min {e.,e —é—ﬁ .
17727 3

we can apply lemma 3.8 and we obtain

r
10l £ =8l < vee < 18] < ry +1,0]
e < —£§ we have
Lk '
E. -&. | < S s J=1, eee, N3U. 1, ees
JUj J\)j )-l-kz J

erefore by applying lemma 3.7 we obt

1—€juj| < Yoo J=1s eees l;uj=0a1s kj

1-gjuj| > 1, J=1H1, ..., n;uj=0, R kj.

the set . . in su
{ggu } J=Ty eeey n;uj=0,1, .

J

. r
1|i"'f_’1—gs| <I‘ < |1-€S+1!"<—° 1-51{'
0
: from (4.1) that s=1+k, + ... +ki.
k k-s
1
F1(z) = I (z-£,)= ) § ) z

easily seen that

1 k-s .
|c§ )| < ( ; ), 1i=0,1, ¢.., k-s.

(z) be a polynomial of degree <is=1

1

£.™p (e.)

1 171

R 1=1, ...

Fg(ai) =

emma 3.4 it follows that

~—

Fo(z)=eyte, (z-8 )+ ... +e (2-E,) ~E g1

<l-g,

ray tha
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6 = — dz
O N N S [R5 WY PR

V=0’1, LRI IS S-1.

na 3.2 yields

5.k
v(l1=zD)] 2 2(p) ,  [1-z|=r,,

ther, since € < €, ve have the foilowing inequalities

k
z)| > |v(|1-2])] > |y(|1-z])]| - Mn 3_2(%0 - Mn, for [1-z|=r0.

>rding to lemma 3.3 the same holds true for the function'

F1(z)(z—£ Jeou(z=E ..), v=0,1, vee, s-1.

1 v+1

k

IF1(z)(z-E )eeu(z=E . )| 3_2(%0 - Mn, for |1—z|=r0;v=0,1, veey S=1,

1 v+1
n the representation of the coefficients e, as a contour integral
lerive

el 1 5,k
A 2('6") W {1+Mn();;) }s

) e | < — —

= X
’ 2({}) RYSEN QL LY

s I

m+1 0

v=0,1, +e., 5=1; n sufficiently small.

;e the function F_(z) as

; 531 (2) v
) F2(z)= ) e y e
v=0

1g (4.5) and (4.6) we obtain

) |c(€)| < Ievl + e I(v+1)

s=1
v+1 1 oo Ies-1|(s~v—1) =
k-1 k
s 1 4 i
i (v+1) —_— 2(_0 {1 + Mn(g) }’ v=0,1’ LRI S_1n

(1_6)m+1 §
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dJefine
1 m+k
‘4.9) F_(z)=z 'F (z)Fg(Z) = )

v=m+1

Y

Jote that c(§)=c(3)(€)

from (4.9), (4,2) and (4,7), it follows that

m+k k-8 s=1
1B T e T e®

v=m-+1 1=0 v=0

Jsing (4.3 and (4.8) we obtain

m+k k-1
w0y 1 1w ——

v=m+1 (1—5)m+1

[t follows from (4.2),(4.4) and (4.9) that

F_(£.) = {3 for 1=1, .v., s

0 for i=s+1, ...,k

(4.11) F3((1-uje)zj) - {1 for j=1, ..., 13u.=0 .y k.

J

Jow apply lemma 2.1 to FQ(zjt) with a=1 and with

1=uj,j=1, ...,n;uj=1, ...,kj. Then it follows thi re exi
J. with 1-p.e < 8. < 1 such that
Jus J Ju.
J J
(- — F_(z.t =
(=) I | &= Fylat)
3t Y t=0,
J
Uj 1)
= - . . — bnd ._ LI +
Py((1-use)as) = (R ((1=(u,

for j=1, ;uj=1,

0 for j=l+1, «e., NYHU.: ...,Jk

Falz;)
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(4.11) the latter expression is 0. Thus we find that
m+k

\) 3
z C(\3)) (: )z, 9.: =0, J=1, ceesn3u.=1, ... ,k..
)=m+1 J J J J J J

in the proof of theorem 1, we define the following function
m+k

2) 6. () = ] (“.)c(f)znv{e. Y ol
I3 v=mtl MY Juj
1 we have
m+k
Vv .
) (u.)c(g)z.v+ é.u (e) =0, J=1, ceeynzu.=1, ...
vemt+q M J o duy J
1 (4.12) it follows that
m+k

B) |8, (e)] < 2"E(1-(1-ke)™¥E) T
M5 v=m+1

(3
le v)l,

Jj=1, ...,h;uj=1, ey kj;s suffici
e the polynomials Bj in the form

5) Bj(t) = ) ' (), =1y vuuy .

iplying (4.13) by bju and summing over uj=1, cees kj yields

J
k. k.
J m+k J
6) ) b. ) ¢ )e(3), v L b. 6. (e)=0," j=1,..
JU . H. v ) JU. Ju. ° :
uj=1 J v=mt1 J uj=1 J J

tituting (4.15) in (4.16) and summing over j=1, ..., n yield

m+k n (3) v n kJ
7) Z Z B.(v)e N ) ) b.u G'U (e) +
vem+l =1 9 I g=1 b= LY
n m+k
(3) vo_

J=1 v=m+1
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Jsing (4.11) we see that

n m+k (3) v 12':1 %— :EI:-
e 2'b. 7. = b. F (z.) = b. = B.(0).
=1 vame1 0 900 520003700 oy do soy Tl
Cherefore
mtk v (3) D ks 1

4.18) 7 (] Bz e+ I ] b, 8. (€)= ) B,(0).

vemkl  §=1 4 4 5=1 u=1 JH5 JH5 3=1
fow we use the estimations (4.10) and (4.1k4).
jence we obtain

1
min |B.(0) + .. + B.(0)] < ) |B.(0)] <
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